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Necessary and sufficient conditions are obtained for the extendibility of an
r x r symmetric Latin rectangle to an n x n symmetric Latin square. These
conditions imply that any incomplete n x n symmetric Latin square can be
embedded in a complete symmetric Latin square of order 2n. Also, any
incomplete n x n symmetric diagonal Latin square can be embedded in a
complete symmetric diagonal Latin square of order 2n + 1.
By applying a theorem of H. J. Ryser based on the theory of systems of
distinct representatives, Trevor Evans in [l] solved the following
embedding problem for latin squares: For each n,  what is the smallest t
such that any incomplete n x II latin square can be embedded in a t x t
or smaller latin square ? Evans showed that t = 2n if 12 3 4. In this paper
we extend the ideas of Evans and Ryser to obtain corresponding results
for latin squares which are symmetric or which are symmetric and diagonal.
The fact that such squares can always be embedded finitely has been
established by C. C. Lindner [3],  but by a technique which does not yield
the “minimal” embeddings attained here.
SYMMETRIC LATIN RECTANGLES
An r x s latin rectangle based on 1,2,...,  n is a rectangular matrix with r
rows and s columns containing entries from the set of integers 1, 2,...,  n
and such that no entry is repeated within the same row or column. In case
* This paper was written during the author’s tenure as an NSF Science Faculty
Fellow at Emory University, and the author is indebted to his Scientific Advisor,
Professor Trevor Evans, for suggesting various improvements in the exposition.
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r = s = n,  the latin rectangle is called a l&in square, and if some cells
of the matrix are left unoccupied, then the rectangle is called incomplete.
An (incomplete) r x r latin rectangle will be called symmetric if, whenever
the cell (i,j)  in the i-th row and j-th  column is occupied by an integer k,
then the same symbol k appears also in the cell ( j, i).
CONDITIONS FOR EXTENDIBILITY
The following theorem describes the conditions under which a given
r x r symmetric Latin rectangle based on 1,2,...,  n can be extended (by
adjoining new rows and columns) to a symmetric Latin square of order n.
THEOREM 1. Let T be an r x r symmetric Latin rectangle based on
the symbols 1, 2,..., n, where n > r. Denote by N(i) the number of occurrences
of the symbol i in T. In order for T to be extendible to an n x n symmetric
Latin  square based on 1,2,..., n, it is both necessary and suficient  that (1)
N(i) 3 2r - n for every symbol i = l,...,  n, and (2) N(i) E n (mod 2) for
at least r of the symbols i.
This is an analog of the theorem of Ryser [2]  according to which an
r x s Latin rectangle based on l,...,  n is extendible to an n x n Latin
square if and only if N(i) > r + s - n for each i = l,...,  n. Thus the
necessity of our condition (1) is simply a special case of this theorem of
Ryser. The necessity of (2) may be seen as follows: In any symmetric
square, the symbol i will have an even number of occurrences off the main
diagonal. Now assume our given r x r rectangle T is extended to an n x n
symmetric Latin square Q. Then the number of times a symbol occurs on
the main diagonal of Q is congruent to n, modulo 2. But Q has only n - r
diagonal cells in addition to those in T, so for at most n - r of the
symbols i can we have N(i) f n (mod 2),  and this yields the necessity of
condition (2).
For the sufficiency of conditions (1) and (2),  we need the following
theorem of Mann and Ryser [4].
THEOREM 2 (Mann and Ryser). Suppose that, for each k = 1,2,...,  n,
any k of the sets S, , S, ,..., S,, contain between them at least k distinct
elements. Suppose further that, for some t >, 1, the elements e, , e2 ,..., e,
each occur among the sets S, ,..., S,, at least t times while each of the sets &
contains at most t of the elements e, ,..., e,,,  . Then there exists a system
of distinct representatives (SDR) for S, ,..., S, which includes the elements
e, ,..., em .
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We apply this result to show that we can add simultaneously a new row
and column to the given Y x Y symmetric Latin rectangle T,  thereby
permitting its extension by induction to the desired n x IZ  symmetric Latin
square.
For eachj = I, 2,..., r we take Sj to be the set of the n - r symbols
which do not appear in thej-th row (and hence neither in thej-th column)
of T, and we let S* be the set of those symbols i such that N(i)  + n (mod 2).
Note that S* will contain at most n - Y elements in view of condition (2).
Let iI , iz ,...,  i, be the list of all symbols i for which N(i) is 2r - n or
2r-n++. Then m<r+l. For otherwise, since 2r-n+l+n
(mod 2),  and because of condition (2),  we find that r + 2 such symbols
fill altogether at most (r + 2)(2r  - n) + (n - r) of the r2 cells in the
matrix T. This is too few for the remaining n - r - 2 symbols, none of
which may occur more than Y times, to fill the rest of the cells of T, in view
of the inequality
(r + 2)(2r  - n) + (n - r) + (n - r - 2) . r = r2  + (r - n) < r2.
Moreover, if S* is empty, then similar reasoning shows that there can be
at most r symbols in our list i, ,..., i, , since
(r + 1)(2r - n) + (n - r - 1) * r < r2.
Finally, in view of conditions (1) and (2) and the definition of S*, we
observe that each of the symbols il ,...,  i, occurs among the sets
S1 ,...,  S, , S* at least n - r times, while no individual set S contains more
than IZ  - r of the listed symbols.
Now let us check that, unless S* is empty, any k of the sets S, ,...,  S, , S*
will contain at least k distinct elements in their union. But, if such a union
contained only k - 1 different elements, then the sum of the numbers of
elements in these k sets could be at most (k - l)(n - r) (the factor IZ  - r
being, by condition (l), the maximum number of times that any particular
element can occur among the S’s), whereas we know that in fact this sum
must be at least (k - I)(n - r) + 1 if S* is non-empty. Moreover, even
if S* should happen to be empty, it would still be true that the remaining
sets S, ,..., S, fulfill the condition that any k of them contain in their union
at least k distinct elements.
Thus Theorem 2 guarantees that we can find a system of distinct repre-
sentatives a, ,...,  a, , a* for the sets S, ,...,  S, , S* (or, in case S* is empty,
an SDR a, ,...,  a7 for S1 ,..., S,.),  which includes in either case all of the
symbols il ,..., i, . Using this SDR we can “add a border” to T, obtaining
an (r + 1) x (r + 1) symmetric Latin rectangle T’  in which the number
of occurrences of every symbol will be at least 2r - n + 2 = 2(r + 1) - n,
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and in which the number of symbols i with N(i) = n (mod 2) will be at
least r + 1. To construct T’ we put the symbol aj  in the j-th column of
the (r  + 1)-st row, and in the j-th row of the (r  + l)-st  column, for each
j= 1,2>.**, r. In the remaining diagonal cell (r  + 1, r + 1) we put the
symbol a* (or, if S* was empty, we may put any symbol different from
those contained in the SDR). If r + 1 < n,  then this inductive step may
be repeated, and so our proof of Theorem 1 is complete.
EMBEDDING INCOMPLETE SQUARES
By modifying slightly the example of Evans in [l],  we obtain, for each
IZ  > 4, an incomplete IZ  x n symmetric Latin square T based on 1,2,...,  n
which cannot be embedded in any Latin square of order smaller than 2n.
This square T contains as its entry in the i-th row and j-th column the
element i + j - 1 (mod n),  except that the cells (1, 2) and (2, 1) are left
unoccupied, and the cell (1, 1) contains the symbol 2 instead of 1. The
proof that this T cannot be embedded in any Latin square of order less
than 2n is essentially the same as the argument given by Evans in [l].  On
the other hand, by applying our Theorem 1,  we now obtain the following
THEOREM 3. For any n, an incomplete n x n symmetric Latin square
can be embedded in a t x t symmetric Latin square, for any even integer
t >, 2n.
Here again the proof is obtained by suitably modifying the line of
argument used by Evans to embed incomplete Latin squares without
symmetry. In place of Evans’ arbitrary Latin square A of order t - n,
we substitute an arbitrary symmetric Latin square of this size, based on
the integers n + 1, n + 2,..., t, and use it as our pattern for filling in any
unoccupied places in the given incomplete symmetric Latin square. The
resulting n x n Latin rectangle will then fulfill the conditions (1) and (2)
of Theorem 1, because t is even and 2n - t < 0. Moreover, by looking
closer at this procedure we discover the conditions under which the above
requirement that t be even may be dropped:
THEOREM 4. For any n,  an incomplete n x n symmetric Latin square,
in which no symbol is repeated on the main diagonal, can be embedded in a
t x t symmetric Latin square, for any t 3 2n.
For suppose that our given incomplete n x n symmetric Latin square
has no symbol appearing twice on its main diagonal, and consider the
case when t > 2n is odd (so that, in fact, t > 2n + 1). Then we may simply
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repeat the preceding construction, except that we now let the role of A
be played by a symmetric Latin square of odd order, either 1 - n or
t - rr  - 1, based on a subset of the new symbols IZ  + 1, n + 2 ,...,  t.
Note that automatically this matrix A will also have the aforementioned
diagonal property. Consequently, when the unoccupied places of our
given incomplete square are filled in with the corresponding entries from A,
the resulting IZ  x IZ  symmetric Latin rectangle will fulfill both of the
conditions (1) and (2) for extendibility to a t x t symmetric Latin square,
since the distinct elements i which appear on this rectangle’s diagonal will
provide the necessary n symbols satisfying N(i) = t (mod 2).
The observation that a symmetric Latin square of odd order must
automatically be diagonal (i.e., have every symbol appearing once on its
main diagonal) permits us to obtain from Theorem 4 the corollary:
THEOREM 5. For any n, an incomplete n x n symmetric diagonal Latin
square can be embedded in a symmetric diagonal Latin square of order
2n + 1 (or any larger odd order).
Thus, in particular, any incomplete n x n symmetric idempotent Latin
square can be so embedded, and then by interchanging the order of the
new rows and columns if necessary, the containing square can be made
idempotent. This confirms, in the symmetric case, a recent conjecture of
A. J. W. Hilton [5]  on embedding incomplete idempotent Latin squares.
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